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514 L. Michel

from the observed quadrupole moment of the deuteron as 0:3. Hence
Bje~(ka)?/10. The value of « to this approximation in (ka) and (e,a) is g
complicated one. Since, however, we are not interested in the absolute magn;.
tudes of the scattering cross section, we have taken o =~ 1{(e, +1k) for simplicity,
even though it is not strictly justified.
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Interaction between Four Half-Spin Particles and the
Decay of the p-Meson

By L. MICHEL
Physics Department, University of Manchester

Communicated by L. Rosenfeld; MS. received 28th September 1949

ABSTRACT. The general direct coupling between four fermions is studied. Itis a
linear combination of the five invariants used in 8-decay theory. Altering the order of the
particles in the Hamiltonian changes only the coefficients of the linear combination. The
formalism of charge conjugation is used with the ordinary theory or the Majorana abbreviated
theory for neutral particles. This is applied to the study of the decay of the p-meson into
an electron and two neutrinos.

§1., INTRODUCTION
HE purpose of this work is to study the most general contact interaction
I between four half-spin particles. The interaction Hamiltonian density
used here consists of the most general linear combination of scalars which
can be made up from four wave functions (or the conjugate of some of them).
The interaction can be produced physically by an intermediary field; then the
Hamiltonian only gives a phenomenological description.

Such an interaction between four fermions can give rise to 24=16 kinds of
processes, where i particles (0 <7<4) are absorbed (M= —1), and j particles
(j =4 —1) are emitted (M= +1). ™ is a dichotomic variable having the values —1
and +1 for absorbed and emitted particles respectively. For example:

i =1, p-decay: N=P+ +e +v with My =—1, Mp=bd,=M, = +1;
i=2, K-capture; scattering of fermions by fermions;

i =3, pair annihilation near to an electron without emissjon of photons;
1=0 or i =4 (cf. Critchfield and Wigner 1941, Critchfield 1943).
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The necessary energies for these processes can be supplied by external fields
e.g. Pt—=N+et +v).

The study of these processes will be restricted to the Schrddmger method of
perturbatlon theory in which the Hamiltonian of the interaction does not contain:

the time exphcntly

I. INTERACTION BETWEEN FOUR HALF-SPIN PARTICLES
§1. FORMALISM OF THE CHARGE CONJUGATE THEORY
The charge conjugate formalism, which is preferable to Dirac’s hole theory
(see §9), has been developed by Majorana (1937) and later by Racah (1937) and
Kramers (1937). Pauli’s (1941) notation (% =c¢ ==1) will be followed here.
The most convenient representation of Dirac’s matrices, which does not
restrict the formalism, is that proposed by Majorana (1937).

(Vubu+rpp=0 L (1)
is the Dirac equation, where the y, satisfy )
Yo t¥Vu=28,. L 2y
In the Majorana representation (k=1, 2, 3)
Yh=ve=ve=%ii ¥i=w=—Ya=—%L ... ... (3)
or, with otz =7y,y;, and B=y,,
al=oy =p=a}; B=p=-B=-p5" SN (1

A solution of (1) can be split into plane waves normalized in a volume V:

Z[u(k, o)a,(k, o) exp {i(k. x — koxo)} +ul (k, 0)b,(k, o)
xexp{—i(k.x —kgxo)}] ...... (4)
(N=ZN(k, o) is the total number of particles of this field, see equation (11)),
and because of the Majorana representation
Bk, o)=ay ko); ... (5)
where k is the momentum, k,=(k?+x?)t and o is a dichotomic variable for the
two states of spin.  Also

b= TR V)*

Za, i o)a(le )= (1+ 25EE) ~pp(+),

b,k )bl )= Zaje, =} (1+ EEE) ~[D(= =B+ ) |

(there is a misprint of sign in Pauli’s formula (1941, equation (86)).

It is assumed (without restricting the theory) that in (u) the indices

(@) + or — denotes for charged particles, the particle of charge +e or —e
respectively (e being the charge of the positron);

() for neutral particles which have charge conjugate states, the indices
+ or — correspond to the sign of the magnetic moment (with respect to the spin
direction);

34-2
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(¢) for neutral particles which have no different charge conjugate states
u,=u_ (this could be written u,). These particles have no interaction with the
electromagnetic field and cannot be described by Dirac’s hole theory., They
were first treated by Majorana (1937), and they will be referred to as * Majorana
neutral particles’.

Let us call

YK =, M=y if k=-1
YR=y*, =y if k=41

The index L is either +1 or —1, and indicates either (a) the sign of the charge
or (b) the sign of the magnetic moment, or (¢) for Majorana neutral particles L is
arbitrary (L or —L indicating the same state).

It is seen from (4) that f* can be obtained from ¢ by changing L into —1,
so complex conjugation and charge conjugation are equivalent. Equations (4)
and (6) can be written:

< 1 LK : ;
Y= NTR E? w9k, 0)al¥(k, o) exp { — LRi(k . x ~ Kgxg)} .. . ... (8)
and Za¥k,o)a¥(k,0)=D(). ..., (9)

For Majorana neutral particles =y~ (i} is real). In formula (8) the upper
index LK plays the part of the index K as defined by (7), its values being the product
of the K and L occurring separately in (8).

The anti-commutation rules can be written

[ Yk, o), ui¥ (K, 0')] 4 =By By O(k —K')8,, v (1)
5 y Ny (k, ifk=+1

and Wk, o)ui~ (K, o) = (k. 0) ' bl
1-N, (ko) if K= —1

The operator N, (k, ) represents the number of particles in the state k, o, L; its

eigenvalues are 0 or 1.
%% is an absorption operator if Lxk=m= -1, and

an emission operator if LE=M= +1; vean (12)

for a charged particle, of charge Le, it changes the total charge by an amount Ke.
All the dichotomic variables used here are listed in Table 3.

§2. PARTICLES OF DIFFERENT KINDS
If there are two different kinds S of particles, their amplitudes ©(.S) commute:
[wEY(S, L), oS, L) =0 if Sx8. s 1]

However, it is even possible to consider particles of different rest mass as -
like particles. For example, neutrons and protons are considered as nucleons,
or electrons and neutrinos as leptons, by the formalism of isotopic spin, which
is nothing other than writing the same ¢’s in a more condensed form:

w(S)-("’(OU) St w(3)=(0?2}) if S=2 and [#%(1,L), o2, )], =0

since o™(1, L)o'%(2, L") =0.
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Another interesting extension which has been made is to consider a Majorana
neutral particle and the two states of a charged particle as three conjugate states
(+.0, —) of the same particle (Noma 1948).

Alternately there is a transformation, due to Klein (1938), which makes it
possible always to have anti-commutation between the amplitudes of two like
or unlike particles.

If the v’s satisfy (13), putting 2'%/(1, L) =2/%)(1, L) and 22, L) = {(1)u'™)(2, L)
with £(1)=T1I[1—-2N(1,1,k, )] (IT is taken over all the states L,k,o) one gets.
(1, 1), u®(2, )] .. =0.

This can be extended to any number of kinds S of particles, so that one gets

[1=5(S, L, K, 0), (S, L, K, 0')] o =Sy B Sppr Bk —K ) Bpe - ... (14)

§3. SCALARS FORMED FROM FOUR &

The method of formation of such scalars is well known. Using only the
relations (1) and (2), it has been demonstrated by Pauli (1936), corrected by
Racah (1937). With the four y, one can build 16 matrices y4 =y} , (d=110 16
ori=1 to 5), viz.:

A 1 a=1 a=2 a=3 a=4 a=>5 a=6
1 1 1
2to 5 2 e Ve s _Va . .
6to 11 3 ¥aVs a1 Y1Ye ¥1Ys 1¥eYa Y3¥e
12 to 15 4 1yaYVaYa s¥1¥e  DaYxVe  —WaYeYa
16 3 Y1¥e¥s¥a
It is easily, the y, satisfying (2) and (3), that y2=1 and y,'=v,. If
Fu=eqyasVine e (15)
where ¢, is such that ¢,?=+, — ——+, +++— ——, ++ +=, —, then
Flr=F,  amiess (16)
and E[h™ (%, Xo)] Fiayolps ™ (%, %0)], = 9hs™ Fiaths™
o

is a scalar for # =1, the four components of a vector fori =2, a skew tensor for =37
a pseudovector for 7=4 and a pseudoscalar for i=35. i

_The scalars we require are J,(k, P)=the scalar product of T Frhy™ and
P Fy b e, e,

Tk, P) =Z €l ( " Figthg™ )™ Figha™),  vvevnn (17)
i

where €, = +, + + + —, ++ +—— —, ++ + —, +, and (x) is a contraction
for (x;, Ky, Ky, K,) and can have 16 different values; P indicates that the four A

in J(P) are in a definite order: 1, 2, 3, 4.
From (15), (16) and (3) it is found that

Fu=6F,  aeee.. (18)
Wwith 6f=_'1’ +1; +1, _11 ~1.
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§4. THE MOST GENERAL HAMILTONIAN OF THE INTERACTION
We choose the Schrédinger picture for the operator H which then does not
depend explicitly on the time, and have taken the same axes for the Heisenberg
and Schrédinger pictures at time x,=0. We therefore put x,=0 in Jy(x, P),
given by (17).
The most general Hamiltonian of the interaction, which must be Hermitian,
<can be written :
. 24 10 3
H=J h(x)dx with A= £ Z Z o(x, P)[J(x, P)+J (s, P)). ...... (19)
Vv Fae=lKelia] .
The sum Z indicates a summation over all the twenty-four permutations of the

P
four indices S =1, 2, 3, 4; the sum X indicates a summation over the 16 possible

K
sign combinations of k=(K;, Ky, K3, Kg); and g,(k, P) are real numbers called
interaction constants.

For the following considerations we must exclude the transition in which
two particles are absorbed and emitted again in their initial states: this would
correspond to the self-energies of these particles due to this interaction.

We can then say that the ¢ anti-commute, and from (16) it follows that

(s" Fihs™)' = — b Fihs™.
Therefore, if P, is the permutation (2143)
JHx, P)=J(~-x, PLP). ..., (20)
From (14) and (18) one gets
Jit(k, PLP)=(—1)202J(x, Py =J(x, P).  ...... (21)
Therefore (20) can be written
J (%, P) =J(—x, P)
and (19) becomes
h=3 T S, P (s P)+J(~ 5 P)] = = = Slgx, P)+a(—x PIVi(x P)

or A= ZEZ PN P)  eeeens (22)
K {

with ﬂa’r(Kl P) =gdx, P} T SF( -x, P);

therefore one has g/ (k, P)=g/(—=x, P). ... (23)

§5. ELIMINATION OF THE SUMMATION OVER THE
TWENTY-FOUR PERMUTATIONS

It is well known (see for instance Speiser 1945) that the S, group (four object
permutations) is soluble. All the permutations are given by the twenty-four
terms of the symbolic expression: (1 +Pg)(1+PyPy+ PPy)(1+Py)(1+P)
with P, =(2143), P,=(3412), P,=(2134), P,=(1432). Each P is a product
of the form

P=Pan...-Pk, ...... (2’1')

where a,b,....k=0to4and Py=:1. Letuswrite (—1)’= +1 or —1 according
as P is an even or an odd permutation.

We will now show that, for every P,

Ji{x, PPy)=Z(—1)PCLJj(x, Po), RN G
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which means that under any permutation P of the four indices S, the J, undergo
a linear substitution; later on Jy(x, P) will simply be written Jx).

Indeed, for P=P,, P, or P; we very easily find: CF =3, (see (21)), C% -8,5
{evident), Cl» =68, (see(18)). The case of P =P hasbeenstudied by Fierz (1937},
and the same method can be extended to the present choice of F;,; it is found that

=t 4 i =
-1 -3 0 -3 -1
Ci= ¢ 0 -3 0 -}
1 -3 0 -1 1
- =+ =t & &
‘Therefore for every permutation P, which is always a product of the form (24)
of the four permutations PI, P,, P, P,, we get
= X ChaClb....CEn,

tu,..r

Then (22) can be written & =X X E gi(x, P)(— 1) CEJy(x).
: P K

By putting 8i(x)=Zg'(x, P)(=1)"CY;

one gets h=ZZg(x)y(x) ... (26)
K J

and (23) gives gig)=g;{—-x). ... (27)

This last relation will be studied in §7.
Changmg the order of the particles in H only means ‘changing the name’ of
the interaction constants g;; thus H remains invariant.

§6. A REMARKABLE INTERACTION
Can we define an interaction which is independent of the order of the four
K
Y*in H?
A permutation leaves H invariant:
h= g,(x)J)(x) = 2 Zg/ () (1) with Ji(x, P) =/ (x),
J i

but changes the ‘five vector’ g (x) into Z'(x) according to g = ( — 1)PCP. ' because
equation (25) gives J//'(x) =Z( —1)"C;;*J;(x), so that one must have
3

h=3% 2&&)‘&{1(} =X ;&" ()~ 1)PC, Iy (x),

which gives Lg{(— 1)PC,’ =g, or (1)’ F.CP=F or (-1)’'CT.F =F.

The above question is thus reduced to this: are there common ‘eigenvectors’
to the twenty-four (—1)PC” matrices? To answer this it is sufficient to look
for the common * eigenvectors’ of — ¢ and — €7, since the other (—1)PCP are
products of 1, —CPs and — CPs,

One finds that the only common ‘eigenvectors’ are given by

82=8=0,1 g1 =—84=¢s -(284)
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They correspond to the ¢ e:genvalue +1. Therefore % is symmetrical for aII
the ¢ (which anti-commute) ; this is easy to verify, for, starting from _

= ZEFIET (0 ) = 22 ZOZ(E( 1" W) =ZE B2, (),

with Z =(1 — CP)(1 + CPCP+ + CP+CP5)(1 + CT5)(1 + C™), one finds
h =§ 2% — 45 +E )1~ +J5) or h= f‘go(ﬁ)['n(“) =Jy(x) +J4(k)].

It is also easy to verify that there is no A completely antisymmetrical with respect
to the " (which anti-commute) because

(1+CP)(1 + CPCPs 4 CP+CP)(1 4+ CP)(1 + CP) =0

Has this remarkable interaction a physical meaning? This question has no
meaning if H is only phenomenological (see intrbduction) However, the field
theory allows us to assume a physically direct interaction between four particles
(that would be unthinkable with only the classical notion of forces), and we have
seen that the only direct interaction symmetrical with respect to the four particles.
is the remarkable one g, (see equation (28)).

Now, in a Dirac equation, it is well known that F, and F; correspond to
electromagnetic interaction and the sign of the interaction constant {electric
charge or magnetic moment) is changed by charge con_]ugatmn F,, F,;, Fy would
correspond to a non-electromagnetic interaction and the sign of the interaction
constant (mesic charge (Okayama 1949) for instance) is not changed by charge
conjugation; but the J(k), which are quadratic with respect to the F;, are
invariant by charge conjugation and g,(x) =g{ —x). However, there is only one
interaction built either with F,, Fy or F,, F,, F; independently of the order
chosen for the ¢X in writing A: it is the remarkable interaction g, built with
the three non-magnetic operators.

The interaction g, has already been proposed by Critchfield (1943) and can
be written as the determinant of the four components of the four %,

§7. CLASS OF REACTIONS WITH SAME &(K)

A reaction between four particles is defined by (see Table 3) the values of
the My and of the Ly of each particle (S =1 to 4).
The conservation of the electric charge requires
Z MmgLg=0, ... (29)
{8)e
where £ means the sum over the charged particles only.
We have already seen (12) that

MgLg=Kg, veeea (30)
50 (29) can be written

T kg=0. ssearsiise (1)

(S

This relation indicates the possible different values which can be taken for
x (K;, Ky, Kg, K,) and for F(x)=g(—x) in H.
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For example, in B-radioactivity the magnetic moment of the neutron is of
negative sign; let m be the sign of the magnetic moment of the neutrino emitted
in B~-decay. Then the reaction '

: N P « v

: M- o+ + o+

(a) N.—P*+e +v, corresponds to {L = fn me
and (28) gives for k- K + 4+ — m

With four Dirac neutral particles there are of course 2% x2%=256 distinct
possible reactions m = (M, My, Mg, My), L = (Ly, Ly, L3, Ly). 'This number is different
for other kinds of particles since the charged particles have to fulfil (29) and the-
Majorana particles have only one state L. 'The result is given in the fifth line
of Table 1.

Table 1
No. of charged particles 0 ] 0 0 0 2 2 2 4-
No. of Diirac neutral particles 4 3 2 1 0 2 1 1] 1]
No. of Majorana neutral particles 0 1 2 3 4 0 1 2 0
No. of different @ or classes 8 4 2 1 1 4 2 1 3
No. of different reactions 256 128 64 32 16 128 64 32 96
No. of reactions per class 32 32 32 32 16 32 32 32 32

This table refers only to the cases of four distinguishable particles.

When a reaction is realized in nature, a g(x)=Z(—x) must be given for-
describing it, and all the reactions which have the same +x=(K;, K; Kj, K4 OF
—K;, —Kg, —Kj —K,) can be associated with this g. The set of all reactions
which can be described by the same ¥ will be called a ‘class’. Therefore the
interaction Hamiltonian density which describes all the interactions of a class is-
(like (26), but without summation over k)

h=Zgf)lVj(x) +/( ~ )] =7 - [ (x) +7 (= x)]-
For example, the reaction

(6) N_+4v_,—~P+ +¢ belongs to the same class of reactions as (a):

=

k=(+, +, —, m), but the reaction

(¢} N_ +v,,~+P+ +e belongs to another class: k(+, +, —, —m), unless.
the neutrino is a Majorana particle, when the two reactions would be identical,
Vo = Ve

This very simple remark will be useful later on.

For given kinds (charged, Dirac or Majorana neutral) of the four fermions
the fourth line of Table 1 gives the number of different classes of reactions and the
sixth line the number of reactions per class.

§8. STUDY OF ONE REACTION. DETERMINATION OF TRANSITION
PROBABILITIES: SPIN AVERAGES
For this study it will be assumed that the transition can be studied by the:
Born approximation, i.e. the particles are described by plane waves.
The transition is given by m = (M, My, My, M,) and L =(Ly, Ly, Ly, Ly); therefore-
xisknown since kg =MgLg. If Hyis the element of H which leads to the transition
T, the probability per unit time of the transition is proportional to | Hy[%.
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First case: the four particles ave distinguishable.
From (8), (12), (17) and (26) one gets: Hy -=J.Vh-r{x) dx, i.e.

Hy = D)oty B Ky Oy (4K
x (@ "5 Fiya, %) (g% Fa, L o1 J’V [exp{— i(:s: KsLsks) . x}] dx
where ZLkkg=3Mck=0 from the conservation of momentum. Therefore
s s

the integral is equal to V" and
| Hy|* =Hy'Hy =£ -j-‘b Vg’ Ui gy onvn (32)

with U =1 if the transition is allowed, i.e. the particles to be absorbed are present
and the states of the particles to be created are not occupied initially (see (11)).

Aiage(ks, 05) = (a;~+F, raa{'M‘)(al}"f’}baz‘“')(“-i_n‘F 15 (ag™ Fypa M)

where LK has been replaced by M because of (30).

However, experimental physicists do not usually distinguish between the
states of spin of the particles. By summing over the different states of spin
of the emitted particles and taking the average over the n =4 x2-%s initial
states, which are not distinguished experimentally, one calculates:

1 " V-2 gl
1-12‘.|H1.,1‘= T_Z'_Eg!'gbsfa & Ay e (34)
o5 in jb ag
and (9) gives:
X A =Trace Fi,Dy(M,;) Fj Do — M) x Trace FyDy(Mg) FjpDy( —My) -0t v (35)

a
s
Because of the symmetry between 1, 2 and 3, 4 one finds that Z|H|? is quadratic
a

in the Mg and does not change when one changes all the Mg into — Mg, so that the
reversibility principle of microphysics is satisfied.

One sees that the probability of the reaction m,1 depends only on the Mg;
it is independent of the Lg: the formalism is completely symmetrical with respect
to the charge conjugate states of the particles; therefore it is also independent
of k, the class of the interaction.

This shows that for the so-called ‘allowed’ transitions of the B-radioactivity,
the life-time, the electron spectrum, etc. . . . are the same whether the neutrino
is a' Majorana or a Dirac particle.

Second case: some particles indistinguishable. ,
Firstly, let us say two particles are indistinguishable, and let us suppose them
to be 0’ and 0", i.e. Ky =Kg-, Ly =Lgv, My =M. S0 we get

o =g S = =(@V) T g, (kg 72)a (K, o) €xP { ~ M- X)
RUONED!

J; has two /¥ identical; therefore H is invariant with respect to their permutation,
and it follows that H is a function of only three independent constants g
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Let us put 0° =3, 0" =4; noting that [1,*V(k, ¢)]2=0 (see (14)), it follows
from (34):

o Moy o 1V
Vi =, B8Oy 20907 25D, D)

V2 T2

1, (07,5 (0')

a¥+(0")
4/2

ot Ve Fuahe =, (0,2 @)a(0) (T 57 a0),

Maf ()
aéz)Fx’a

and we see from (18) that J, =J;=0 since F,,=F,, for i=2 or 3. In this case
H depends only on g1, g5, g5 By a permutation P the new g; (let us call them g/)
are linear functions of the three g, g4, g5

If there are three (or four) indistinguishable particles, it is easy to see that
only depends on one g, which defines the special interaction (28), go=g1 = —£. =&

It is noteworthy that the preceding conclusions are independent of the fact
that the indistinguishable particles can be of Dirac’s or Majorana’s kind.

Of course if the states of two indistinguishable particles were identical
(k,=ks, oy =0,) (13) would give U=0, therefore H =0: the formalism assumes
Pauli’s exclusion principle.

Table 2 ;
&t gd &' g &° 22182 22:8: 28:8s 2881 2838 2238 2848
1 1 4 6 4 1
PP Pa-Pa we] 2 -1
P1-PaTPz. Dy —2 —4 =2 1 -2 -1
Pi+Pyst+Pz. P -2 —4 -2 —1 2 1
(P1. P2}(Pa . Pa) 1 -2 1
(P1 - Pa)(P2 - Po) 2 4 2 -1 2 1
Py« Pa)(P2 - Pa) 2 4 2 1 -2 -1
Py « PeMighity + Py « Dyt iy 1 -2 2 -1
Pre Pattating+ Pe - Patiyig 1 —3 —3 -1
Py Pymaiity +Pa « Pahtyiy —1 —3 3 -1
Mying - Mgty -1 2 -2 1
Myt == gty —1 3 3 1
Nyt~ Mgty 1 3 —3 1
Wy LT g 1 4 6 4 1

The formula (32) can be very useful for calculations. With the notations
(ks/kos) =Ps» (ks/kos) =g one has Dg(Mg) =3(1 + . ps +Mgfmsg).

The value of X|Hyi? for M; =My =Mz=My = + 1, ie.

%

Z|Hp[? =V-2% Zggie;,'e;y’ Trace FiaDy( +)F}, Dy (—) x Trace FiaDs( +)FjpDy( =)
5 iz jb
isgivenin Table2. The coefficients of gg; are functions of the fourteen quantities
listed in the first column of the Table. The figures indicate how these functions
are built up from the fourteen expressions, so that, e.g., the second column of this
Table means that the coefficient of g,% is

1—(p;. Pz +Ps-Py) +(P1-P2)(Ps+ Pa) +P1 PaMMally
+Ps - Patyitty — (M3 +migt,) Mgy,
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For the remarkable interaction g, =g, = —g, =g; one finds
Vi
a2 I | Hy =6+ (my? +mp? +mg? +my?) —(my +my +mg +my)? 4 6mymemgm,
0 og
+2(Py + P2ty + Pa - PatyMg) + 2(Py - Patathiy + Py - Pyttt ;)
+2(py - Pymamy + P2 - Psmy) +(P1* + P2® +Ps’ +P.°)
—(P1 +P2 +Ps +P4)* +2[(P1 - P2)(P3+ Pa) + (P1+ Pa)(P2 - Po)
+(P1+Pa)(P2 - o)l
that is, completely symmetrical in the four particles.
For another set of values of m = (M;, M, Mj, M,) one can use Table 2, replacing-
mg by Mgmg.
This table depends of course on the Fy, chosen. Fj, is defined in (15) as a
function of y,. Below, the Fy, are given as a function of the «,, 8. The above
calculations are only possible in the Majorana representation, unless

M, = — M, =Mz = —M,, when they are also possible in the Dirac representation,
For the latter case the F used here are given as functions of Dirac’s p; and o.
Fy= B8 =Pa

Fy= %y *g %3 (1] =pox (1]
Fy= —ifoyay —ifugoy —ifoagoy [—iBa,] [—28xg] [—2Bxas] =paos [peos]
F,= —ioguy; —iogny  —fagoy [ —ioy0p0] =0y [pd]
Fy= - Boyoryug =Pz

(time components are given in brackets; the sign of the F;, is immaterial).
In Dirac’s representation one must choose %, instead of Fy, in g™ Fy 4™ with
C =pyoy and

F=F, for k=+1 K'=-1

F=CF,C-1 for k=-1 K'=+1

Fi=F,C1  for x=+1 K'=+1

Fi=CFy, for k=-1 K =-1

§9. DIRAC’'S HOLE THEORY

It is not possible to describe the Majorana neutral particles by Dirac’s hole
theory. If no such particles are considered, this theory is of course entirely
equivalent to the formalism of charge conjugation but not so convenient. In
this section we shall follow up in some detail this equivalence, which shows in
particular that it does not matter which charge we attribute to the particle or
to the hole.

We distinguish between the physical particle and the theoretical corpuscle’.
Let us write the $*(x) of one ‘corpuscle’ of electric charge ee (with e= 1) or
(for a neutral particle) of magnetic moment em, of momentum &, of energy
By =7k +x2)} with n=+1, as

5 (x) = V1%, 0,7)a, (&, 0,n) exp (—7Kk.X). ...... (37)
N(&, 0,m) =u'(k, o, 7)u/(k, a,n) is the operator number of ‘corpuscles’ in the
state &, o, . Physically this corresponds to
[ N(&, a,7) for n=1

N (&, 0) =
K, 2) *.‘Ll—N(k,a,n) for n= -1
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N.,(k, o) is the operator number of particles of charge nee (or magnetic moment
gen), of momentum k=mk&, in the state o, since the vacuum is defined by
Nk, 0,m) = ¥(1=). :

This leads to two difficulties:

(i} The operator {' =II[1 —2N(k, o,7)] corresponding to { of §2 is not so
easily defined because now an infinite number of states is occupied. In a diagonal
representation £’ is of the form ( —1)®, which gives rise to additional mathematical
difficulties. ’

Table 3. Table of the Dichotomic Variables used in this Paper

Letters

x 1 -1 Physical significance waed Definition
M Emission Absorption of the particle §-1
e = ut u Hermitian conjugation K, KL=:M (7)
(The two charge conjugate states
g [T [ 4 (sign of the charge or of the L (8)
{ magnetic moment)
a¥, * a*, y* a, i Complex conjugation K, KL=M )
1 o.k+8c\ 1 o.k—pfx
~ : =(1
Dix) 3 (1 i ) 5 ( + E ) M (6)
1 o kP 1 o . k—fr '
- -{1 o g R Tix)=D 40
T(x) 3 ( & % ) 3 ( 5 T(x) (nx) K (40)
7 Sign of the energy of the
corpuscle §9
€ Sign of the charge (or the
magnetic moment) of the ' §9
corpuscle
@ The two states of spin §1
{=1)F For even For odd permutation P §5
€io? In Fig=eiaysyria; for Fl="Fy (15)
€' Space Time components of the invariant (17)
UE g™
8 Symmetrical Antisymmetrical Fyg; 6=—1, +1, +1, —1, —1 (18)

(ii) The ¢ used in % cannot be the sum of all the plane waves describing the
‘corpuscles’ (they are infinite in number), but contain only #™a,* exp (—kik.x)
for the ‘corpuscles’ which will be emitted or absorbed. Then the exclusion
principle is not automatically satisfied. If there are indistinguishable particles—
they correspond to indistinguishable corpuscles—one must symmetrize £ with
respect to the corresponding * (which anti-commute), This symmetrization
for an expression like ¢ F, b * is automatically carried out in the Heisenberg
notation (Heisenberg 1934). One writes Hys*Fiutbs™ —0abs™ Fiahs™) instead
of Y F b .

Otherwise we form % as in §4 and get the same formula for | Hy|? and 4
(see (32) and (33)).
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For the study of a transition given by m and v (with £ MgLg=0) we have the

two relations: e
Mg =7gKg ceeee . (38)

and Ls =7g€g- veeeeo(39)
Here a new situation arises in that it is not clear how the €g (sign of the electric
charge or the magnetic moment of the corpuscles) are determined. The question
arises whether the €5 have a physical meaning or are arbitrary; it will be shown,
that they are arbitrary.

Let us therefore choose the € arbitrarily; for the study of the m, v reaction,
(39) gives us the ng and (38) the k5. It is well known that the summations over
the spin states are made by the projection operator defined by Casimir (1933);

‘I’(x)=§(l+#) =§(1+%‘). e (40)

One easily sees, in the Majorana representation, that ’
D¥(x) =D(—Kx) =D(KX)  ...... (41)
and from (9) D(x)=D(nx). ... (42)

With the well-known properties D¥(n)a¥(%, 0, 7') =8,,.a"(%, o,7) one gets
Za,%(%, 0,7)a,%(8,3,7) =[DX(+)] =[D®)].  (cf. (41)).

This formula is equivalent to (9). Therefore, by the same method, one gets,
instead of (35),
Z A =Trace F;, D(k,) Fj, T( — Kp) x Trace F,D(K) F;,D(—RKy) ... (43)
%8
and from (42) and (38) ©(k) =D(nK) =D(m); hence the formulae (35) and (43)

are identical.
Thus 2| H;|? depends only on Mg, and is independent of Lg (sign of the electric

a
charge or of the magnetic moment of the particles), of ng (sign of the energy of the
¢ corpuscles’) and of g (sign of the electric charge or of the magnetic moment
of the ‘corpuscles’)

Thus the €5 are completely arbitrary* and have no physical meaning. That
shows the artificial aspect of the hole theory, which, however, is more customary
and, therefore, more intuitive.

Moreover, this formulation does not contain the conservation of the electric
charge. From (38), (39) and (29)

I MgLg= Z (Kgnslns€s) = ZKs€5=0,
($)e (S (8)e
but it has been seen that the eg are arbitrary.

There are no rules like (31) for the choice of the kg. The K are completely
arbitrary (a transition between particles can be described by 16 different transitions
between ‘ corpuscles’; but after their choice the eg are determined, by (38) and
(39), and give rise to a charge interpretation of the representation.

* In Tiomno and Wheeler’s (1949) paper on the interaction g, ¢, ¥, ¥, the authors have had 10
choose a sign of the charge of the uand ¢ corpuscles. This is only due to the fact that they h@‘;
limited their choice of the Hamiltonian to the kind A=giJi(+, —, +, —)=g(*Fab) . (f*F), Whl{-‘
is the simplest when one dces not use the Majorana representation of Dirac's matrices (see p- 521)
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II. THE DECAY OF THE u-MESON
Some experimental results published in 1948 pointed to the decay of the
meson into more than two particles (Steinberger 1948, Hincks and Pontecorvo-
1948). The similarity of this decay to a f-decay was immediately noticed
(Klein 1948, Horowitz et al. 1948). The suggested scheme is p*—pu® +e* 4y,
where p° is a neutral meson already known (Lattes, Occhialini and Powell 1947).
from the w-meson decay: =%—pu=* +A, where A is written for u°
From the work of Part I it is easy to study this phenomenon.

§10. DECAY u—=A+e+wp

Here the Born approximation is used and the electromagnetic interactions-
are neglected (cf. Feer (1949) for photon production by charge acceleration).
From the results of Part I one sees that it is not necessary to know whether
? and v are, independently, ‘Dirac’ or ‘Majorana’ neutral particles. The

results are the same in any case,
Let us call the rest-masses, in energy units, of the corresponding particles.
w A, €, v (with v=0). The frame of reference will be used in which the u-meson
is at rest. Let us denote the momenta and the energies (in energy units) of the-
particles by p,=0, p,=p, P». p.; E.,=p, E,=E, E,, E,=p,. The conservation
lawgives: p+p, +p, =0, u =E+E,; + E, = E, (total energy). Table 1 immediately
gives | Hy|? for this decay; we know thatm,=—1,M;=M,=M,=1; the order

o

chosen is A, pu, €, v (corresponding to that usually ;::hosen for B-decay: P, N, e, v).
Then (33) gives* (the g; have the dimensions of energy . volume)

VIE| Hyl*=(er® +4gs" + 65 +4g:® +25%) ~(&a* ~ 220" ).

—2(g2* +285° +84°) (Ep + ;PT:) . %: +2(8:85 — 28084 +&8s) (% - %) . %i
A p-p')
[ 2 2 2 g 2y 1 —
+(8" — 28" + 28 — g )Ez( Zp,
A
+2(—g18: + 3580 + 36080 +8u8) T
12 g Snm s 5 (1) L (+4)

We want to calculate the energy spectrum of the emitted electron. Let us.
denote the angle between p and p, by € and let P(E)dE be the probability per
unit of time of observing the electron from a disintegration with a total energy
between E and E + dE. We have e SE < W=(u®+e*—2?)/2p,

20 (R V2 ,p*dpsinfdf 2(a_t:) 2
KEVE=T [ S 21t 02 (55 ) B
1=2 (see (34)); pdp=EdE;
_ _MW-E) (aﬁv) _(p—E)p—E+pcost)—u(W-F)
P'_,u—E+pcosl9 OE ) k=1 (u—E +pcosf)®

* This formula contains as special cases the expressions (8~12) of Tiomno and Wheeler (1949)..
Qneh would therefore expect that our formulae (45) and (46)]woulf.| mclggie rhea%c::z;:sp\gﬂicgﬂg ﬁzﬂzﬁe
in ¢ . s various discre 3 s § s
has ;:eﬁapc?:ér:dnfﬁgmi?t:gﬁ' 203&?2? c;mg:;;:;ozzve?ce with Prof. Wheeler and Dr. Tiomno.

It appears that many formulae as given in their excellent paper are marred by errors of tran-
seription or by slight slips in calculations. They intend to publish a full list of these errata.




528 L. Michel

The calculation gives:

E2 e (W — E 2
s 12;1(2(.-riz=c'=)3)[; P('V— E) -)rga-a]a
[ (822 +82® +6g5% +424° +£5") E{[3(W —E) + E? — &*][2u( W — E) +3)7] +30) T
+(8:° —285° +85"Wp — E)(E* — ) 2u(W - E) +3X7]

+2(g2" +285° +gPNEW(W — E) +(n —2E)(E? ~— )][2uW(W — E) +327]
+4EuX (W — E)*} +2(8185 — 28284 — £:85) (L[ E(W — E) — (E* — ¢?)]

x [2u(W — E) +3)2] +4Eu(W — E)?}

+(£1* —282° + 284" — £5°)OA(LE — ) [ W - E) + 3]

+2( =182 + 38285 + 38584 +£485)00e(1 — E)[(W —E) + }7]

—2(£182 + 38285 — 38284 +8485)12¢[W(W — E) + 1A*]2.

§11. DECAY p*— e=22v
During the last year the existence of the u°-meson has become doubtful,
:and some recent experimental data (Leighton, Anderson and Seriff 1949) show
that W =55 mev. i.e. about § p. Therefore the mass A must be very small and
‘the decay of the u-meson into an electron and two neutrinos is very probable,

We must consider two cases.:
(i) All neutrinos are Dirac neutral particles, and the two emitted neutrinos are

-distinguishable (their magnetic moments are of opposite sign). We can then
-obtain X| H;|* and P(E) by putting A =0 in (44) and (45).

a
We get a simpler formula by choosing the order p, €, », v (of course now the g,
:are not the same as in (43)):

E?—&)t .
P(E) = mp{3E(W—E)K1—Z(E2—e2)KE +3(W—E)Ky]. ......(46)
with K, =g, +2(g,® +85* +£,%) +85% Ko =" +2g5° +8% Ky =g,2 —2g,* +2g.2 g%,
In the preliminary note (Michel 1949) that formula was incorrect (put K; =0 and
correct Kj), but the errors do not change the spectral distribution by an

appreciable amount.
(ii) Either all the neutrinos are Majorana neutral particles or all the neutrinos

are Dirac neutral particles, and the two emitted neutrinos have the same charge
conjugate state (their magnetic moments have the same sign); in both cases

the two emitted neutrinos are indistinguishable,
From Part I (§8, second case) we know that then we obtain the same result

as above excep: that there is no interaction in g, and g (in the formula (46) put
§2=83=0).

§12. COMPARISON WITH EXPERIMENTAL RESULTS

The term proportional to K, does not appreciably change the curve P(E), and

it is neglected in the Figure.
If ~ is the mean life of the p-meson (2-15 microseconds)

" P(EYdE=1. e (4D
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It is already well known (Tiomno and Wheeler 1949, Horowitz et al. 1948) that
the g; are of the order of the Fermi constant ( ~10-%° erg. cm8). The condition (47)
gives us the scale for drawing the different curves which we want to compare,

Let us denote the curve P(E) by P; when only one g0 (P; =P, and P, =P,).
All the possible curves P have (for 0 <p <1) the shape

case (i} Py(E)+p[Ps(E)—P(E)] and sweep the whole areas A and B
case (ii) Py(E) +p[Ps(E) — P,(E)] and sweep only the whole area B.

All the curves pass through the same point M.

The experimental curve and the expected statistical spread given by Leighton,
Anderson and Seriff (1949, Figure 5) are plotted together. The curve P,
corresponding to the remarkable interaction g, (see (28)) is also shown.

By

g
e

=

=
3

=
-

4 \
i : Exp.
”
1 i L 4 J, i A L L L P‘
0 s 10 5 20 25 3 35 40 45 50 55

Energy E (Mev)

——— Theoretical curves P,=P,, P,=P,, P;, boundaries of the A and B areas.
----- Theoretical curve Py, remarkable interaction.
...... Experimental curve of Anderson et al.

The agreement is quite satisfactory and the experimental curve also passes through
the point M.

There is thus strong evidence for the decay of the p-meson into one electron
and two neutrinos.* But, since the experimental curve falls in the B area,
nothing can be said about the nature of the neutrinos; furthermore, the good fit
of the theoretical curves with experimental results does not prove that a “direct
interaction’ necessartly exists between pu-mesons, electrons and neutrinos.

* Of course this conclusion rests on the assumption that the p-meson has a spin of one-half. It
would be possible, as pointed out by ], Tiomno (Phys. Rev., 1949, 76, 836), to reproduce the experi-
mental curve on the assumption of an integral spin for the y-meson and one of *he neutral particles.

PROC. PHYS. 30C, LXIII, 5—A 35
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§13. PROPERTIES OF THE NEUTRINO

(a) Its magnetic moment. From the theoretical point of view it is more exact
to ask: is the neutrino a Dirac or a Majorana neutral particle ?

From the decay of the p-meson it would have been possible to say that the
neutrino is a Dirac particle if the experimental curve lay in the A area, but thjs
is not the case. However, there is one phenomenon rather favourable to the
hypothesis: the neutrino is a Majorana particle. This, as was shown by Furry
(1939), is a double S-radioactivity without the emission of neutrinos. Recently
experimental evidence for this phenomenon was published (Fireman 1949); it
is the spontaneous decay

1380 13 Te + 2",
No neutrinos are emitted, otherwise the lifetime would be 1010 times larger
than the observed one.

Theoretically this is explained by the reactions: (a) N_—+P+ +e¢ +u, and
(¢) N. +v, P+ +¢ in the following scheme:

intermediary
virtual state

NG+ N =Pt +em 4+ + Nopg—= Pyt e + Pyt 465~

initial state — final state

but we have seen (§8) that the (a) and (¢) reactions do not belong to the same
“class’ unless the neutrino is a Majorana particle.

The simplest course is, therefore, to assume that the interaction Hamiltonian
is reduced to terms corresponding to the single class embodying (@) and (c) when
the neutrino is treated as a Majorana particle. However, one cannot exclude the
possibility that the Hamiltonian would consist of two distinct g(k) corresponding
to the two classes involved in which neutrinos are Dirac particles. This
possibility has been discussed by Touschek (1948); for ordinary S-decay this.
leads for each process to two competing transitions which differ only by the sign
of the magnetic moment of the neutrino, of course without interference between
them for such phenomena of first orderin the . It may be observed, in particular,
that if ¥(k,) =g (x,) (the same g for both classes) this theory, which also maintains
distinction between neutrinos and anti-neutrinos, is formally identical for all
B-processes with that involving Majorana neutrinos.

Thus if the neutrino is a Majorana particle it has no electromagnetic interaction.
The neutrino appears only in the spontaneous decay of elementary particles, and
it is only required to preserve the conservation laws of energy, momentum and
angular momentum. It therefore seems to be connected with the gravitational
field; but perhaps not so simply as might be thought (Gamow and Teller 1937).
The interaction between u-meson, electron and neutrinos gives, in the second
order, a very small interaction of infinite range between a u-meson and an electron
of the same charge. According to the calculation of Noma (1948), the static
potential interaction is proportional to r—3,

(b) Its mass. From the formulae (45) and (46) it appears that there is a large
difference between the two cases As20 and A=0. This is due to the fact that,
in (45), P(E) is proportional to (W —E)2, but ihis factor, which disappears ifA=0,
would also have disappeared if v0 when A50, and even if »=2A50, as in the
well-known case of fB-spectra the curve P(E, v)—P(E, 0) when v—0, although the
same is not true for the derivative dP/dE. One cannot hope evidence of this
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kind will give an answer to the question: is the mass of the neutrino finite #
Equation (48) gives a good example for the mass ¢ of the electron. The tangent
of P(E) at the point E=e is vertical when €50 and horizontal when ¢=0, but.
P(E, ¢} P(E, 0) continuously as e—0.
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